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Whenever there exist affine planes of orders n -- 1 and 12, a construction is 
given for a 2 - ((n + 1)(p1 -- l)$, n(n - l), n) design admiw a strong tactical 
decomposition. These designs are neither symmetric nor strongly resolvable but 
can be embedded in symmetric 2 - (n3 - n + I, #z2, n) designs. 
1. INTRODUCTION 
If a 2 - (v, k, h) design D admits a tactical decomposition with Q point 
classes and b1 block classes then b + zjl 2: 21 J- b, , (see [l]). Decomposi- 
tions for which b + zll ==. z’ -+- b, are of special interest and are called 
strong. Any tactical decomposition of a symmetric design is strong. A 
strong tactical decomposition of a nonsymmetric design is called a strong 
resolution if it has only one point class (and the design is called strongly 
resolvable). Any affine design is strongly resolvable with the parallel 
classes giving the block classes of the strong resolution. Thus the study of 
designs which admit strong tactical decompositions gives a way of unifying 
similar theorems for symmetric and aI%ne designs. One instance of this is in 
[2] where there is a proof of an orbit theorem for designs with strong 
tactical decompositions which includes as corollaries the orbit theorems 
for symmetric and aIEne designs. This is, we believe, the first unifying 
proof of these theorems. 
The object of this paper is to show that, whenever there exist afline 
planes of orders n - 1 and n, there exist 2 - ((n + l)(n - l)a, n(n -- I), n) 
designs which admit strong tactical decompositions but are neither 
symmetric nor strongly resolvable. Thus, studying strong tactical decom- 
positions does more than just study symmetric and strongly resolvable 
designs. The designs constructed can be embedded in symmetric 2 -- 
(n3 - n t- 1, n2, n) designs. This shows the existen= of a symmetric 
2 - (n3 -.. n + 1, ns, n) whenever there exist affine planes of orders IZ -- 1 
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and n. The existence of symmetric designs with these parameters was 
known previously to R. Wilson. 
All results used, unless otherwise stated, can be found in [3]. 
2. THE CONSTRUCTION 
If n is any integer such that there exist atfine planes of orders n - 1 and 
n then we shall give a construction for a 2 - ((n + l)(n - l)“, n(n - l), n) 
which admits a strong tactical decomposition. 
Let A, ,..., A,,,, be alone planes of order n - 1 defined on distinct point 
sets. For each 01, 1 < 01 < n + 1, let A,, , (/3 = l,..., n), be the parallel 
classes of A, and let a,,,, , (y = l,..., n - l), be the lines of A,, . Let 
B 1 ,"'? B, be any atie planes of order n and let BOQ , (4 = I,..., II + l), 
be the parallel classes of BB . Now, for each fixed 6, let BB be a chosen point 
of B, and let bsd,, , (p = l,..., n - I), be the lines of BBd other than the 
(necessarily unique) one which contains BB . Finally for each fixed /3 let 
/I, be any bijection from the lines of all the A,, onto the points of B,\B, 
such that if J&,, denotes the image of x,+ under h, , 
n-1 
for each IX, u XUaY u BB is a line of B,, . 
y=l 
Thus, essentially, for each fixed ,!3 we take the lines of the flth parallel 
classes of all the A, and associate them with the points of BB\BB in any way 
provided that the parallel class of any given A, is associated with a line 
through BB . 
We now define an incidence structure, D(n), as follows. The points of 
D(n) are the points of all the A, and, for any B, I$, t.~ (1 < 19 < n, 1 < $ < 
n + 1, 1 d p < IZ - 1) we define a block z86U = uXatiEbgdr x,~,, . Thus the 
blocks of D(n) are the union of various lines of the A, and each block 
contains one line from exactly n of them. 
THEOREM 1. D(n) is a 2 - ((n + l)(n - l)“, n(n - l), n) design. 
Proof. Clearly the blocks of D(n) are distinct as point sets. Since each 
A, has (n - 1)2 points, D(n) has (n + l)(n - 1)2 points. Similarly, since 
each block of D(n) is the union of n lines from the A,, each block has 
n(n - 1) points on it. Thus we have only to show that any pair of points 
are on n common blocks. If X and Y are any two points then there are 
unique integers cy. and 01’ such that X E A, and YE A,, . 
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Case (a). \I ci’. 
There exist unique 13, y such that zi z’ .yll,, and X, Y are on a common 
block of D(n) only if it contains each point of s,!~, The point ,k’,!3, i\ on 
n + 1 lines of B, but. since one of these contains f$, it is on only II lines 
of the form bBhu Since there is a one-to-one correspondence between the 
lines b,,,, containing XcyN,, and the blocks ziirhlr containing .Y, j! . X and Y are 
on exactly n common blocks of D(n). 
Case (b). u: -+ N’. 
For each p there exist unique y and y’ such that X E x,~,, and Y E ~,‘~,,a. 
The points Xaay and Xz,,+,, are joined by a unique line of B, which, because 
of(l), does not contain BO and is therefore of the form b8+& . But X, Y are 
on the block zflh,, if and only if XUs,, , XDI,sy, are on the line basP . Thus for 
each fixed ,$ (/I = l,..., n), X and Y are on a unique common block of the 
form zijdU , i.e., X, Y are on n common blocks of D(n). 
THEOREM 2. D(n) admits a strong tactical decomposition. 
Proof For each (y. let the points of A, form a point class, and for each 
fixed pair 0, 4 we let the blocks of the form zem,, form a class which we 
denote by Cod . Clearly there are IZ + 1 point classes and n(n -L 1) block 
classes. Thus if we have defined a tactical decomposition it is certainly 
strong. 
The block class CO6 consists of those blocks whose images under X, 
form the parallel class Bern of BB (excluding, of course, the line of B,, 
which contains BB). Thus, by (I), each block of Co1 contains no points of 
A6 and n - 1 points of every other point class. Similarly eaeh point of & is 
on no blocks of any class Cora but on exactly one block of every other class. 
Hence the point and block classes given form a tactical decomposition. 
Remark 1. There are clearly, in general, many nonisomorphic D(n). 
The affine planes A, , B, are not assumed to have any specific properties 
other than their respective orders. So one could replace any of the given 
planes by another of the same order and obtain another D(n). 
Remark 2. The only intersection numbers of D(n) are 0, n -- 1, iz. 
However, all three values definitely occur and so, since strongly resolvable 
designs only have two intersection numbers, (see [4]), D(n) is never 
strongly resolvable. 
Remark 3. The construction can obviously be generalized by using 
incidence structures other than afiine planes. (A close inspection shows 
that we never need all the properties of the a&e planes.) However, we 
need the affine planes to get the strong tactical decomposition, which is 
why we restrict to this special case. 
STRONG TACTICAL DECOMPOSITIONS 41 
Remark 4. Note that two blocks are in the same class of the strong 
tactical decomposition if and only if they have no common point. Further, 
the points not on any block of a given block class, form a point class. 
Thus the decomposition is uniquely determined by the design. One imme- 
diate consequence of this is that the decomposition must be preserved by 
all automorphisms of D(n). 
3. THE EMBEDDING 
Let El ,..., E,-, be n - 1 identical copies of an atie plane of order n. 
(Thus the El, are all defined on the same point set E of n2 points, and a 
subset of 12 points forms a line of El if and only if it forms a line of each 
E 1 < 1 < n - 1.) Let Ejk , (1 < j ,< n + 1), denote the parallel 
cl&es of E, and let eijk , (1 < i < n), be the lines of Ej, . Then, clearly, 
for fixed i, j, the lines eiik , (1 < k < n - 1) are the same as point sets. 
We now consider an incidence structure S(n) whose points are the union 
of the points of D(n) and E and whose blocks (considered as point sets) 
are 
(i) the point set E, 
(ii) dijB = zijli u eijk (1 < i < n, 1 < j < n + 1, 1 < k < n - 1). 
THEOREM 3. S(n) is a symmetric 2 - (n” - n + 1, n2, n) design. 
ProoJ Clearly the number of points and blocks is n3 - n + 1 and 
each block contains n2 points. 
If X, YE D(n) then there are n blocks of D(n) containing them. Each of 
these “extends” to a unique block of S(n) which contains them and these 
are the only blocks of S(n) to which they belong. Hence 1, Y are on 
exactly rt common blocks of S(n). Similarly if X, YE E, then X, Y are on 
exactly one line from each of the IZ - 1 affine planes El, . Each of these 
n - 1 lines extends to a block of S(n) which contains them and so, since E 
is also a block, two points of E are also on 12 common blocks of S(n). 
Suppose X E D(n) and YE E. Since X E D(n) there is a unique s with 
Xe A,s. Thus for any i, (1 < i < n), and any j, (1 <,j < n + 1,j # s), 
there is a unique k, (1 < k < n - 1) such that X E ziir . However for any 
k,j(l<k<rz-l,l,(j<n+l) thereisauniqueiwith YEeiilz. 
Hence, for any j # s, there is a unique pair i, k such that X E ziilc and 
YE eijk , i.e., for each j # s there is a unique block dijk containing X and 
Y. Since there are n possibilities forj, this proves the result. 
Having constructed S(n) we can now consider the residual with respect 
to any other block. Clearly this is always a 2-design with the same param- 
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eters as D(n). However we now show for n -; 3 that ii I, nevc’tc iso- 
morphic to D(n) unless the block chosen is E. 
THEOREM 4. If n 2 3 and y’x is any block of S(n) other than E then the 
residual with respect to x is not isomorphic to D(n). 
Proof. Writing S for S(tf) we will prove this result by showing that 
S” has an intersection number not equal to 0,/z I or II. 
Let x --= &, and let 3: -- cialnhc with b ;’ j. Since b + ,j, t’;,,; n c~2i,i~ --- I 
and hence, as / .Y n y 2 17, i zijli n zabr ~ II 1. Let P c,,:, r\ elchG 
and let Q E zijk n z&c . If g is any integer with 1 ::-’ g 17 i g :::.j, b, 
then (from the proof of Theorem 3) there is a block z -:- dfqk containing 
P and Q. Since z&h COntainS points from every A, (y. f g whereas Zlj/; n z&c 
contains points from the A,, with a # ,j, b, j Z.;jk n zabr n qyh : n ~-2. 
Thus 2 < 1 x n J n z j 5:; n 1 which means that, in S”, 1 -, I 1’ A z / 5:; 
n - 2. 
Remark 1. When choosing the block z we assumed n -.;: 3. If IZ = 2 
then, regarding a point as a trivial affine plane of order 1, S(2) is a 2 -- 
(7, 4. 2) and the theorem is false. 
Remark 2. The embedding of Theorem 3 is not unique, i.e.. a given 
D(n) does not in general determine a unique S(n). Clearly the given 
affine planes Ei could be replaced by any others of the same order. 
COROLLARY. The full automorphism group @S(n) must ,$x E. 
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